ABSTRACT. This is a guide to the construction of a nonlinear number field, which includes some new points not found in [10r].
INTRODUCTION
These notes are intended to serve as a guide to the construction of nonlinear number fields, providing new observations not covered in our article [10r] .
This effort has been occasioned by the discovery of some errors in the published version [10p] 1 . All of these errors have since been corrected in the revised version of our article [10r] , in such a way that the original aims found in [10p] remain as they were. Nevertheless, we felt that it would be useful to make available a condensed and clear account which could companion the more detailed [10r] (and to which we refer for a number of proofs).
In addition, we have taken this opportunity to incorporate new remarks which reinforce the aims of the original paper and tie up the notion of a nonlinear number field with classical number theoretic constructs.
There is not a lot in the way of new mathematics contained here; rather, it is the point of view which is novel. If there is virtue to be found in the notion of a nonlinear number field, it comes from a rethinking and reorganization of certain number theoretic ideas under a unified heading.
For the record, we highlight straightaway what we feel are the essential features of the nonlinear number field N[K] associated to an algebraic extension K/Q.
Character Group as a Field ( §3).
LetŜ K be the adele class group of K, Char(Ŝ K ) its group of characters. Although the isomorphism of Pontryagin duality (K, +) ∼ = Char(Ŝ K ) has been known since the time of Tate's landmark thesis [24] , it seems that the device of pushing forward the product of K to Char(Ŝ K ) has not previously been exploited. This is crucial as it allows us to view N[K] -a space of projective classes of holomorphic functions on a hyperbolized adele class groupŜ K , equipped with the Cauchy and Dirichlet products -as a kind of generalized field extension of K. 
Idele Class Group as a Galois Group ( §7)
.
L-functions and Modular Forms as Nonlinear Numbers ( §8).
The hyperbolized adele class groupŜ K considered here makes it possible to view spaces of (Hilbert) modular forms and (multi) L-functions, with their algebra intact, as subspaces of N [K] . In particular, the Riemann zeta function defines a nonlinear rational integer and the Hecke algebra is subsumed by the Dirichlet product algebra supplemented by a projection. 
Actions by Representation Categories ( §9)
GEOMETRY OF THE ADELE CLASS GROUP

Places
Let K be a number field of degree d over Q and O K its ring of integers. For any place ν denote by K ν the corresponding completion, for which there is a canonical embedding K ֒→ K ν . Each prime ideal p ⊂ O K defines a finite place. There are d = r + 2s infinite places, where r = number of real places, 2s = the number of complex places.
Minkowski Torus ([20], Chapter I.5)
Let C K = C d , where we index the coordinates of vectors by the d infinite places. Define
An inner-product on K ∞ is obtained by restriction of the usual hermitian inner product on C K . There is a canonical embedding K ֒→ K ∞ given by the place embeddings. The image of O K is a lattice and the quotient The ring of finite adeles is the restricted product
restricted along the non-archimedean local rings of integers O ν . The ring of adeles is the product
There is a canonical inclusion K ֒→ A K given by the place embeddings, and its image is discrete and co-compact. The quotient
is called the adele class group. Note thatŜ K is a K-vector space andŜ Q ⊗ Q K ∼ =ŜK.
Solenoid Geometry of Adele Class Group ([17], Chapter 1.5.3; [10r], §3)
Denote by T a = K ∞ /a where a ⊂ O K is an ideal. We have an inverse system of tori and
ThusŜ K is an abelian pro Lie group of dimension d. Alternatively, we have
The presentation (1) shows thatŜ K is a Cantor bundle over T K in which the fibers are cosets of the the subgroupÔ K ֒→Ŝ K . It also shows thatŜ K is a d-dimensional solenoid 2 whose leaves are the cosets of the dense subgroup K ∞ ֒→Ŝ K . The inner-product on K ∞ extends to a leaf-wise riemannian metric onŜ K .
Parabolic Adele Class Group
The tensor productĈ K =Ŝ K ⊗ Q C defines a solenoid with leaves isomorphic to C K = K ∞ ⊗ C which we call the parabolic adele class group. As in the previous section, we have
where it plays the role of the real axis.
Trace Map and Diagonal Inclusion ([10r], §3).
Let L/K be a finite extension where L, K are of finite degree over Q. The trace map
If L/K is Galois then the Galois group Gal(L/K) acts by isometric isomorphisms on S L which leave invariant the trace map and the diagonal inclusion:
Proto Adele Class Group ([10r], §5)
Let K = lim −→ K λ be an infinite degree algebraic number field (a direct limit of finite degree extensions of Q). Then the trace maps induce an inverse limit of adele class groups and one defines the proto adele class group of K aŝ
This is a compact connected abelian group of infinite dimension. It is also a solenoid whose leaves are cosets of the locally convex but not locally compact vector spacê
If we take K =Q, the associated proto adele class groupŜQ is universal in the sense that it projects onto every (proto) adele class group.
Hilbertian Adele Class Group ([10r], §4)
The direct limit by the diagonal inclusions lim −→ (K λ ) ∞ can be given an inner-product by rescaling, for each λ , the inner-product of (K λ ) ∞ by 1/d λ , where d λ is the degree of K λ /Q. The completion is a Hilbert space denoted K ∞ . The ring of integers O K acts by isometries on K ∞ and so we may define the hilbertian adele class group
whereÔ K is the pro-completion with respect to the ideal quotients. ThenŜ K is a hilbertian lamination, and there is an embeddingŜ K ֒→Ŝ K with dense image. See Theorem 4 of [10r].
Foliations of Adele Class Groups
We remark that for any extension of algebraic number fields
. This secondary foliated structure is invariant by the action of the Galois group when L/K is Galois. In particular, every (proto) solenoid has a canonical foliation by lines corresponding to cosets of the image of Q ∞ = R by the diagonal embedding.
CHARACTER FIELD
Standard Character
Fix a number field K/Q of finite degree d. We have a canonical "trace functional" Tr = Tr K/Q : K ∞ −→ Q ∞ = R given by z = (z ν ) → ∑ z ν . Using this we define a character on K ∞ by ψ K ∞ (z) = exp(2πi Tr(z)), which extends continuously to a character ψ K ofŜ K . We call this the standard character. See [10r] , proof of Theorem 5. This choice of character is natural with respect to pull-back along trace maps: Alternatively, one can define ψ K onŜ K by pushing down the following character of A K that is trivial on K:
Here, the local component ψ K ν is defined like so. Let Tr ν : K ν → Q p be the local trace map. Every element of α ν ∈ K ν may be written in the form q ν + o ν where The first statement is classical e.g. see [24] , Theorem 4.1.4. The isomorphism is defined by α → ψ K α where ψ K α (ẑ) = ψ K (αẑ). Note that the expression αẑ makes sense sinceŜ K is a K-vector space. Naturality is an expression of the commutative diagram
whose commutativity follows from the fact that for all α ∈ K,
(Dually, Pontryagin duality shows that the inclusion Tr *
Due to this Theorem, we will refer to Char(Ŝ K ) as the character field ofŜ K , and we will denote by ⊕ resp. ⊗ the operations on characters corresponding to + resp. ×. In this isomorphism, the character group of the Minkowski torus Char(
The naturality part of the Theorem implies that if
and so is also a field. The character field Char(ŜQ) is thus available to play its expected role as universal object.
NONLINEAR NUMBER FIELDS I: FIELD ALGEBRAS
While our notation in this section will be that which we have reserved for finite field extensions, everything discussed here extends without modification to the case of an infinite degree algebraic extension K /Q.
Field Algebra ([10r], §9)
Let C[K] be the field algebra associated to K. By this we mean the C-vector space of formal polynomials
with coefficients in C (where all but a finite number of the a α are zero), equipped with operations ⊕, ⊗ induced from +, ×. In order not to confuse the vector space identity 0 with the additive identity in K, we denote by 1 ⊕ , 1 ⊗ the identity for +, resp. ×.
If
and we refer to these as the Cauchy product resp. Dirichlet product of f and g. We note that the Dirichlet product does not distribute over the Cauchy product. There is a canonical monomorphism K ֒→ C[K] given by the monomials.
Pre-Nonlinear Number Field ([10r], §9)
Let T :
This map takes both of the operations ⊕, ⊗ to the product in C:
It follows that if we write Z[K] = Ker(T) then the set-theoretic difference of vector spaces
is invariant with respect to both operations ⊕ and ⊗. We can projectivize this space obtaining an infinite dimensional affine subspace
This space is called the pre-nonlinear number field of K. It is a double semi-group and is the precursor to the nonlinear number field N[K].
Affine Structure of
is the complement of a codimension 1 projective subspace (the projectiviza-
, it is an affine subspace. In fact, it may be canonically identified with the affine hyperplane in C[K]
Both Cauchy and Dirichlet multiplication restrict to (2), and the identi-
Vector Space Structure of N 0 [K]
Choosing the point
becomes in the usual way a vector space. Explicitly, the sum and scalar product are
Note that Cauchy resp. Dirichlet multiplication act affine linearly resp. linearly in
Indeed, ⊕ affinely respects the sum:
And ⊕ affinely respects scalar multiplication:
The linearity of Dirichlet multiplication is likewise verified, using the fact that f
Galois Action
Let L/K be an extension so that
and acts by automorphisms with respect to its vector space structure, since σ (
preserving its double semi group and vector space structures.
NONLINEAR NUMBER FIELDS II: COMPLETIONS
We extend the discussion of the previous section to square summable functions, in order to introduce Hilbert space techniques and standard ideas of harmonic analysis.
Puiseux Representation ([10r], §9)
We shall henceforward interpret the elements of C[K] as functions on the solenoidŜ K via Pontryagin duality: that is, we replace α by the character ψ α (ẑ) and write the element f = ∑ a α α as
We will often consider f on the dense leaf K ∞ where it takes the form of a K-Puiseux polynomial:
This observation is interesting in its own right e.g. since Puiseux series are used to parametrize complex singularities. Notice that in the Puiseux representation, 1 ⊗ = ξ . Note 1. The space of continuous functions C 0 (Ŝ K , C) onŜ K can be identified with the space of limit periodic functions. It is worth mentioning that by a Theorem of Pontryagin [5] ,Ŝ K itself can be obtained as the convex hull of a certain limit periodic function of
L 2 Completion ([10r], §9)
Using the Haar probability measure ofŜ K , we may define the usual L p norms on C 0 (Ŝ K , C) and speak in particular of the completions with respect to them, which will be denoted
is the Fourier algebra of functions onŜ K . One could also complete C[K] using the norm topology (to get a C * -algebra), or using a weak operator topology (to get a von Neumann algebra), however we shall not pursue these completions here. Our interest will be to extend the construction of the previous section to L 2 
Note that by Fourier theory, we may identify L 2 [K] with l 2 [K] = the space of square summable functions K → C. In addition, the field K, identified with the monomials ξ α , forms an orthonormal basis of
If g(ξ ) = ∑ b α ξ α , its inner-product with f is given by Parseval's formula
When K is of infinite degree, we use the Haar probability measure on the compact proto adele class groupŜ K to define L 2 [K ].
Definition of the Cauchy and Dirichlet Products
For
with Fourier series
Thus S α f is the bilateral shift by α of the function
Then c α = f , S αḡ (whereḡ = ∑b β ξ β ) and so is an unambiguously defined complex number. We then say that the Cauchy product f ⊕ g := ∑ c α ξ α is defined if the defining series belongs to
One similarly treats the Dirichlet product using
Then for α = 0
is again well-defined since it is equal to f , T αḡ . Consider also the formal expression
Then we say that the Dirichlet product f ⊗ g := ∑ d α ξ α is defined when d 0 converges absolutely and the defining sum belongs to
As in functional analysis we view the maps
whose domains are dense subspaces of
Nonlinear Number Field ([10r], §9)
Let f ∈ L 2 [K]. Define T( f ) to be the sum ∑ a q provided that the latter is absolutely convergent, and otherwise, T( f ) is not defined. It follows from the definition of the Dirichlet product in §5.3 that the set of f for which the trace is defined is precisely Dom ⊗ (1 ⊕ ). Let
One then defines the nonlinear number field associated to K as
The operations of ⊕ and ⊗ induce partially defined operations in N[K], confined to appropriate domains of definition. We refer to such a structure as a partial double semigroup.
Wienerian Nonlinear Number Field
Notice that
is the Banach space of absolutely convergent series, equipped with the norm f = ∑ |a α |. The Cauchy and Dirichlet products are globally defined in Dom ⊗ (1 ⊕ ) since we have the bound of norms
(The latter series is a rearrangement of the terms of the Cauchy product of the absolutely convergent series ∑ |a α |, ∑ |b β |, hence is absolutely convergent [16] .) Thus W [K] := Dom ⊗ (1 ⊕ ) is the Wiener field algebra. The projectivization
is a full-fledged semi group, the Wienerian nonlinear number field of K. In this context the analogue of Wiener's Theorem [21] holds: namely if f (ξ ) = 0 for all ξ then the function 1/ f ∈ W [K] and is the Cauchy inverse of f .
Analogues of Wiener's Theorem for the Dirichlet product were proved in [13] , [12] . The result contained in [12] implies that if f ∈ W[Q + ] has associated Dirichlet series D f (s) = ∑ a−s which is uniformly bounded away from zero for Re(s) > 0 then f has a Dirichlet inverse.
Full Projectivization
It will also be useful to consider the full projectivization of L 2 [K] which we denotē
We have embeddings, the last three of which are dense:
The considerations of § §5.1-5.6 apply without change to an infinite degree algebraic number field K /Q.
Completion of N 0 [K] as a Pre-Hilbert Space
Let us consider what would have happened if we had taken as our definition of
with its vector space operations shifted to+ and ⊙.
Unitary Galois Representation
If L/K is a finite degree extension then we have an inclusion
. If the extension is Galois, then the Galois action defines a faithful infinite dimensional representation
into the group of unitary or anti-unitary operators of L 2 [L] . Since this action is the identity on the closed subspace
If Gal(L/K) is abelian, then all of its irreducible representations have dimension 1 by Schur's Lemma, so that there is a basis of L 2 [L] consisting of eigenvectors for the representation ρ, each of which is determined by a character. In general, we conjecture that this representation contains all irreducible representations. We emphasize that this representation is not the right regular one, for simple dimensional reasons.
We also get Galois representations in the case of infinite algebraic extensions and in particular we obtain a faithful infinite dimensional unitary representation of Gal(Q/Q). In the abelian case of Gal(Q ab /Q) ∼ =Ẑ × it would be interesting to determine the spectral decomposition of this representation and whether there is a common spectral measure.
The 
The algebra A ⊗ generated by the operators M f ⊗ for f ∈ C[K], is commutative, and we shall see in §8 that when augmented by a projection it contains the classical Hecke algebras.
NONLINEAR NUMBER FIELDS III: HARDY GRADING
To simplify the exposition we will in this section restrict attention to totally real fields K/Q. When K has complex places, a more general discussion must be made using the notion of complex signs: this is found in [10r] , § §6,8.
Hyperbolization ([10r], §6)
For each place ν of K consider the half-space H ν = K ν × i(0, ∞) with its hyperbolic metric and write
a d-dimensional complex polydisk equipped with the product riemannian metric. Points of
The subgroups O K and K of K ∞ , viewed as translations, extend by isometries to H K . The quotients
are referred to as the hyperbolic Minkowski torus and the hyperbolic adele class group of K. Here ∆ * denotes the punctured hyperbolic disk. We haveŜ K ⊂Ĉ K , and we note that the adele class groupŜ K may be identified with the Shilov boundary ofŜ K , see [2] , [3] . These objects may be thought of as model (solenoidal) cusps. Hyperbolizations of solenoids first appeared in the construction of Sullivan's solenoid [11] , [23] . In the case of an infinite field extension K , one follows the prescription of the preceding paragraph using the hilbertian torus and solenoid T K andŜ K .
Hardy Space ([10r], §8)
A continuous function F :Ŝ K → C is holomorphic if its restriction to each leaf is holomorphic, or equivalently, if its restriction to H K is holomorphic.
For each t ∈ (0, ∞) d letŜ K (t) ⊂Ŝ K be the subspace of points having extended coordinate t with respect to the decomposition (3). SinceŜ K (t) ≈Ŝ K we may put onŜ K (t) the unit mass Haar measure and define for F, G :Ŝ K → C the pairing
The Hardy space associated to K/Q is the Hilbert space
Using the Fourier development available there, we may write the restriction F| H K as a holomorphic Puiseux series:
where η α := exp(2πiTr(α · τ)).
The positive cone K + ∞ ⊂ K ∞ is the set of x = (x ν ) ∈ K ∞ for which x ν > 0 for all ν. It is clear then that for the series of (4) to define elements of H[K], we must have a α = 0 for α ∈ K + ∞ . Note that F 2 = ∑ |a α | 2 and hence the correspondence F → ∂ F yields an isometric inclusion of Hilbert spaces
Hardy Grading for K = Q ([10r], §8.1)
Consider the case K = Q. Denote by
The functions F + (τ) and F − (τ) are viewed as elements of the Hardy spaces H + [Q] = H[Q]
and H − [Q] = Hardy space of anti-holomorphic functions onŜ Q . We thus obtain a graded Hilbert space
θ -Holomorficity ([10r], §8.1)
To build from H[K] a holomorphic extension of K, we must interpret all elements of L 2 [K] as boundaries of holomorphic functions: that is, one needs to introduce a generalized notion of "anti-holomorphicity". Let K/Q be of degree d and denote
The conjugation maps are not holomorphic in τ and satisfy for all θ , θ 1 ,
Hardy Grading for K = Q ([10r], §8.1)
Denote by K θ those elements α ∈ K whose coordinates with respect to the embedding K ֒→ K ∞ satisfy sign(α) = (sign(α ν )) = θ . Note that
for each θ ∈ Θ K , F θ :Ŝ K → C is defined as the unique extension toŜ K of the following θ -holomorphic function on H K : 
whose inner-product is the direct sum of the inner-products on each of the summands. We write H 
Dirichlet Homogeneity ([10r], §8.1)
The Cauchy and Dirichlet products are defined on H • [K] via boundary extensions: that is, F ⊗ G is defined to be the unique element of H • [K] whose boundary is ∂ F ⊗ ∂ G, provided the latter is defined. The Cauchy product does not respect the grading, but the Dirichlet product has the following graded decomposition law:
Infinite Degree Extensions ([10r], §8)
Let K /Q be of infinite degree and letŜ K be the hyperbolized adele class group associated toŜ K . A continuous function F :Ŝ K → C is holomorphic if its restriction F| H K is holomorphic i.e. if F is holomorphic separately in each factor of the polydisk decomposition H K = ∏ H ν . Define as beforeŜ K (t) = the subset ofŜ K having extended coordinate t ∈ (0, ∞) ∞ . The proto compactification ofŜ K (t) is a laminationŜ K (t) homeomorphic to the proto adele classe groupŜ K . If we let
the Hardy space H[K ] is defined as the space of holomorphic functions F :Ŝ K → C having a continuous extensionF :Ŝ K → C and for which the norm
is uniformly bounded in t (where dµ is induced from the Haar measure µ onŜ K ≈Ŝ K (t)).
As in the finite-dimensional case, H[K ] is a Hilbert space with respect to the supremum of the integration pairings on eachŜ K (t). With this definition in place, the discussion in § §6.4, 6.5 proceeds without modification. Note here that the sign group Θ K is a countable dense subgroup of the Cantor group {−, +} ∞ .
Galois Sign Representation
If L/K is Galois, then σ ∈ Gal(L/K) permutes the grading of H • [L] and induces an automorphism of the sign group Θ K that acts trivially on the subgroup i L/K (Θ K ) of signs corresponding to elements in i L/K (K ∞ ). In other words, there is a canonical representation
This is true for the infinite degree field extensionQ/Q, in which case we obtain a representation of Gal(Q/Q) in the group of automorphisms of a dense subgroup of a Cantor group.
Abstract Nonlinear Number Field
As we shall see, it is useful to consider the notion of nonlinear number field more broadly, as a mantle under which several closely related spaces lie. Thus by an abstract nonlinear number field we will mean a graded topological partial double semigroup S 
are abstract nonlinear number fields.
GALOIS THEORY
We continue here to restrict attention to totally real fields K/Q to simplify the exposition, noting that the general case is discussed in [10r] , §10.
Nonlinear Automorphisms ([10r], §10)
Let K/Q and equip N • [K] with the Fubini-Study metric associated to the inner-product on
is the restriction of a Fubini-Study isometry of PH • [K] respecting the grading and the operations ⊕, ⊗ whenever they are defined: that is,
and for some permutation ι of
An identical definition is made in the case of an infinite degree algebraic extension.
Nonlinear Galois Groups ([10r], §10)
If L/K is a finite field extension denote by 
This is proved as follows: if σ ∈ Gal N • [K] K then by Wigner's Theorem [25] , σ is the projectivization of an (anti) unitary linear mapσ :
Since σ fixes K, there exist multipliers λ α ∈ U(1) withσ (η α ) = λ α · η α . But σ respects the Cauchy and Dirichlet products, wherein we must have that λ is simultaneously an additive and multiplicative character:
possible only for λ trivial.
In [10r] the following fundamental theorem is proved:
The results in this section are also true without modification for infinite degree algebraic extensions.
Cauchy and Dirichlet Flows ([10r], §10)
In what follows it will be convenient to work with the abstract nonlinear number field
. Assume now that K/Q is of finite degree and consider each of the operations ⊕ and ⊗ separately. Let
that fix K, permute the grading and are homomorphic with respect to ⊕ only. We similarly
. In particular, for each r, Φ r is an isometry that acts trivially on the grading i.e. Φ r (H θ ) = H θ for θ ∈ Θ K . It is straightforward to check that Φ induces a monomorphism
We call Φ the Cauchy flow. We also define a d-dimensional flow on H • [K] respecting ⊗ as follows. For a vector x ∈ K ∞ , write log |x| = (log |x ν |). Then for F = ∑ α a α η α we define
This defines a faithful representation Ψ :
We call Ψ the Dirichlet flow.
Parallels Between the Dirichlet Flow and Berry's Hypothetical Riemann Flow
Let K = Q. Notice then that the periodic orbits of the Dirichlet flow have period 1/ log|q| for any q ∈ Q. There is also a time-reversal symmetry: a conjugation T • Ψ r • T −1 = Ψ −r defined by the Dirichlet automorphism
The subspaceN(N) ⊂N(Q) of classes corresponding to N-indexed Fourier series is invariant by the Dirichlet flow and the periodic orbits have length 1/ logn, n ∈ N. However the operator T defined above does not preserveN(N), and we conjecture that the system (N(N), Ψ r ) does not have time-reversal symmetry. This system thus bears some similarity with the hypothetical Riemann flow of Berry [4] , [8] .
Idele Class Group as a Galois Group ([10r], §10)
Recall that by abelian class field theory [20] , the idele class group C Q = A × Q /Q × of Q may be identified with R × + × Gal(Q ab /Q). As a corollary to the discussion in § §7.2, 7.3, there are monomorphisms
The extension Q ab /Q is complex, so the grading of N • [Q ab ] is the complex grading of [10r] § §6, 8, which we have not discussed in these notes.
NONLINEAR NUMBER FIELDS, L-FUNCTIONS AND MODULAR FORMS
Riemann Zeta-Function
The translated Riemann zeta function ζ (s + 1) is holomorphic in the right half plane {s| Re(s) > 0}. The substitution n −s → η n transforms 3 ζ (s + 1) to
In general the translates ζ (s + s 0 ) with Re(s 0 ) ≥ 1 yield the polylogarithms Li
We remark that the translated zeta functions ζ (s + s 0 ) enjoy all of the usual properties present in ζ (s): meromorphic continuation, Euler product, functional equation and boundedness in vertical strips. Of course, the Riemann Hypothesis is true of ζ (s) if and only if its true for ζ (s + s 0 ), in the sense that all non-trivial zeros lie on a common vertical line.
Notice that Li 1 (η), defined for η ∈ D * , has a multi-valued analytic continuation to η ∈ C − 1, with no zeros in D * , and only one at η = 0 after continuation. Moreover, the pole at s = 0 transforms to a logarithmic singularity at η = 1. This example indicates that the "inverse Mellin transform" n −s → η n does not transport the analytic continuation and the zeros of ζ (s + 1) to their obvious counterparts in the η-plane.
L-Functions
Consider an L-function written written in the form of a Dirichlet series
We assume that L(s) is holomorphic in the right half plane Re(s) > 0, and if it is not, we shift by a suitable constant so that it is. Assume also that the sequence of coefficients {a n } 3 The substitution η n → n −s is the Mellin transform modulo Gamma factors:
where η(iy) = exp(−2πy).
takes the algebra of such L-functions to the Dirichlet algebra of N[N].
Modular Forms and the Hecke Algebra
For simplicity we confine ourselves to the case of modular forms for Γ(1) = SL 2 (Z). Let S k be the space of cusp forms of weight k. As in the case of the zeta function, we will renormalize the Fourier coefficients of f ∈ S k in order to obtain an element of H[N]: that is, we replace a n by λ n = a n /n k/2 . This corresponds to translating 4 the associated L-function by k/2.
Proof. The Fourier expression for f gives a well-defined holomorphic function on T Q ∼ = ∆ * . We must show that the sequence of Fourier coefficients {λ n } belong to l 2 . It suffices to show this for a normalized Hecke eigenform. Then by Deligne's Theorem (RamanujanPetersson conjecture) [9] , there is a constant C > 0 such that
Denote by
the orthogonal projection operator. Consider for each prime p the Puiseux polynomial
Proposition 2. The operator
coincides with the usual Hecke operator when restricted to S k .
mp η m whereā x = a x if x ∈ N and 0 otherwise. But this is precisely the Fourier expansion of the image of f by the usual Hecke operator, see Lemma 5.1 of [19] .
Thus the Hecke algebra is a subalgebra of the Dirichlet algebra of H[Q] with an added projection.
APERIODIC UNIT CLASS GROUP
The ideas contained in this section are something of an afterthought, and we do not claim to present them in definitive form. We thank Jim Cogdell for taking the time to clarify a few points about Artin L-functions.
Aperiodic Unit Class Group
Recall that W [Q] is the Wiener field algebra of Q (see §5. 
is called the aperiodic unit class group.
Action by the Dual Idele Class Group and the Galois Character Group
The Dirichlet flow Ψ stabilizes Q Consider the Galois character group Char(Gal(Q/Q)) ∼ = Char(Ẑ × ). For each element χ ∈ Char(Ẑ × ) we associate a (primitive) Dirichlet character χ : Z → U(1) induced byχ, which we recall is completely multiplicative. Denote by χ n the value of χ at n. We define an endomorphism R χ of W [N] by (5)
χ n a n η n .
Observe first that
Moreover R χ is a Dirichlet endomorphism:
Note that χ has nontrivial kernel: for example, if χ has conductor N and Proof. Denote the Dirichlet product 5 of arithmetic functions χ, ψ by χ * ψ. Let R χ * ψ be defined as in (5) using the arithmetic function χ * ψ. Then for any f ∈ D ⋆ (N)
where the complete multiplicativity of f is essential in the verification. Now consider the arithmetic function ζ p defined ζ p (n) = 1 if n = p k for some k ≥ 0 and 0 otherwise 6 . If χ ′ is a Dirichlet character induced byχ which is not equal to the primitive character χ, then there are primes p i (possibly occurring with multiplicity) such that (see §3 of [18] )
It follows by (6) 
In particular, the mapχ → R χ is independent of the choice of Dirichlet character χ induced byχ. While the product χψ of primitive Dirichlet characters induced byχ,ψ need not be primitive, it is nevertheless a Dirichlet character induced by the productχψ, thus it follows by (7) and (8) 
Relatively Prime Dirichlet Product
L-functions with Euler products have coefficients that are multiplicative but not necessarily completely multiplicative. To find actions by Artin or automorphic L-functions, we must consider a variation of the Dirichlet product available for N-indexed series in which the summation law is restricted to factorizations n 1 n 2 = n for which (n 1 , n 2 ) = 1. Thus for f , g ∈ D(N), we define the relatively prime Dirichlet product by f⊗g = ∑ n ∑ n 1 n 2 =n a n 1 b n 2 η n where∑ n 1 n 2 =n means we sum over pairs n 1 , n 2 which are relatively prime.
This product is certainly commutative. It is also associative:
f⊗(g⊗h) = ∑ n ∑ n 1 n 2 =n a n 1 ∑ n 21 n 22 =n 2 b n 21 c n 22 η n = ∑ n ∑ n 1 n 2 n 3 =n a n 1 b n 2 c n 3 η n where the last checked sum is over triples which are mutually relatively prime. It follows then that f⊗(g⊗h) = ( f⊗g)⊗h. The formula for the inverse has the same recursive form as that of the ordinary Dirichlet product [1] , but where we replace ∑ by∑ i.e. 
χ ρ,n a n η n defines an endomorphism ofĎ(N) which descends to one ofĎ ⋆ ap (N). Actually, one should consider R ρ as only being partially-defined, as it is not clear that the result R ρ ( f ) is in the projective class of an element in W [K], since we do not have a good understanding of the order of magnitude of the coefficients χ ρ,n . Leaving aside this issue, one expects that (some variant of) (10) will define a representation (i.e. a functor) of monoidal categories R : Rep(Gal(Q/Q)) −→ End(Ď ⋆ ap (N)).
Here, we regard End(Ď ⋆ ap (N)) as a category in which the morphisms are semi-conjugacies of endomorphisms. Let us denote the ring operations of End(Ď ap (N)) by • = composition (product) and ⊞ (sum) defined
In this context, one has R ρ⊕σ = R ρ ⊞ R σ since χ ρ⊕σ = χ ρ * χ σ , see § §2.1, 3.4 of [22] . Moreover in cases where the global Langlands correspondence has been verified we have [7] that as endomorphisms ofĎ ⋆ ap (N) (i.e. modulo P ⋆ [N]):
Similarly, a (variant of) (10) for an automorphic representation π of GL n (A Q ) should give rise to a corresponding representation of the category of admissible cuspidal automorphic representations.
In the end, one anticipates being able to apply Tanaka duality to discover the analogue of (9), though it is not clear to us yet what would play the role of Char(Aut(D ⋆ ap (N))), since there is no obvious analogue of the "forgetful functor" from End(Ď ⋆ ap (N)) to the category Vect C of finite dimensional vector spaces.
